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We first establish a certain property of minimal imperfect graphs 
generate large classes of perfect graphs. 0 1985 Academic Press, Inc. 
and then use it 
1. THE MAIN RESULT 
Claude Berge proposed to call a graph perfect if, for each of its induced 
subgraphs F, the chromatic number of F equals the largest number m(F) of 
pairwise adjacent vertices in F. A clique in a graph is any set of pairwise 
adjacent vertices; a stable set is any set of pairwise nonadjacent vertices. By 
a star-cutset in a graph G, we shall mean a nonempty set C of vertices such 
that G - C is disconnected and such that some vertex in C is adjacent to all 
the remaining vertices in C. 
THE STAR-CUTSET LEMMA No minimal imperfect graph has a star-cutset. 
Proof: Trivially, if G is a minimal imperfect graph then 
every proper induced subgraph of G is m(G)-colourable. 
and 
cu(G - S) = m(G) for every stable set of S in G. (2) 
We shall prove that no graph G with properties (1) and (2) has a star-cut- 
set. For this purpose, consider an arbitrary graph G such that G satisfies 
(1) and G has a star-cutset C; we only need prove that G does not satisfy 
(2). 
Since G - C is disconnected, the set of its vertices splits into nonempty 
disjoint parts VI, v/2 such that 
no vertex in V, is adjacent to a vertex in V,. 
Let Gi (i = 1,2) be the subgraph of G induced by Vi u C; by (1 ), there is a 
colouring fi of Gi by o(G) colours. Since C is a star-cutset, some vertex w 
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in C is adjacent to all the remaining vertices in C; write v E Sj if u E Gi and 
f;:(o) =5(w). Trivially, each Si is a stable set, and Sin C = {IV>; now (3) 
implies that the union S of SI and S2 is a stable set. Finally, let Q be any 
clique in G - S. By (3) again, Q is fully contained in G1 - S1 or in G2 - S2. 
Since each of these two graphs is coloured by o(G) - 1 colours, we have 
IQ1 bdG)-l. I 
2. A FEW COROLLARIES: PERFFXTION-PRESERVING OPERATIONS 
The notion of a star-cutset was motivated by the following speculations. 
There are many theorems that elucidate the structure of objects in some 
class % by showing that every object in %? is constructible from specified 
“primitive” objects in % by specified operations preserving membership in 
%‘. (One of the oldest and best known examples asserts that every finite 
abelian group is a direct product of cyclic groups; another example is Paul 
Seymour’s theorem on decomposition of regular matroids [ 15); yet 
another is the characterization of Meyniel graphs found by Michel Burlet 
and Jean Fonlupt [S], which will be discussed later in this paper.) It would 
be desirable to find such a theorem with the class of all perfect graphs play- 
ing the role of $8’. What perfection-preserving operations would this 
theorem feature? Several candidates are known today and their list keeps 
growing. Unfortunately, the longer the list gets, the less elegant it becomes. 
Fortunately, most of these operations transform graphs G1 and G2 into a 
graph G with the following property: 
if an induced subgraph F of G is an induced subgraph of neither 
G1 nor G2, then F has a star-cutset or F is disconnected or else 
I; has at most two vertices. (4) 
The fact that every such operation preserves perfection is guaranteed by the 
Star-Cutset Lemma (along with the trivial observation that the com- 
plement of a minimal imperfect graph cannot be disconnected). Four exam- 
ples of such operations are featured in Corollaries l-4 of this section; 
verifying (4) in each of the four cases is a routine matter left to the reader. 
First, let G1, G2 be disjoint graphs and let Ci be a nonempty clique in Gi 
such that 1 C1 1 = 1 C2 I. A graph obtained from G1 and G2 by first choosing 
a bijection f: C1 + C2 and then identifying each x in C1 with f(x) in C2 is 
said to arise from G1 and G2 by clique identification. The following fact is 
both well-known (see, e.g., [ 11) and evident. 
COROLLARY 1. If G arises from perfect graphs G1, G2 by clique iden- 
tification then G is perfect. 
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Second, let G1, G2 be disjoint graphs, let u be a vertex of G1, and let N be 
the set of all the neighbours of u in G, . The graph obtained from G1 - u 
and G2 by joining each vertex in G2 by an edge to each vertex in N is said 
to arise from G1 and G2 by substitution. The following fundamental result 
was proved by Lovasz [ 111; his proof served as a model for our proof of 
the Star-Cutset Lemma. 
COROLLARY 2. If G arises from perfect graphs G1, G2 by substitution 
then G is perfect. 
Third, let G1, G2 be disjoint graphs; in each Gi, let vi be a vertex, let Ni 
be the set of all the neighbours of Ui, and let Ci be a (possibly empty) sub- 
set of Ni such that each vertex in Ci is adjacent to all the remaining vertices 
in Ni and such that 1 C1 I= 1 C2 I. An amaZgam of G1 and G2 is any graph 
obtained from G1 - u1 and G2 - v2 by first choosing a bijection f: CI + C2, 
then identifying each x in C1 with f (x) in C2, and finally joining each ver- 
tex in N1 - C1 to each vertex in N2 - C, by an edge. This operation was 
designed by Burlet and Fonlupt [5] for the purpose of characterizing 
Meyniel graphs; Burlet and Fonlupt also proved the following theorem 
(whose special case with C1 = C2 = 0 was proved by Bixby in 1972, but 
not published till much later [3]). 
COROLLARY 3. If G is an amalgam of perfect graphs G 1, G2 then G is 
perfect. 
Finally, let G1, G2 be disjoint graphs and let Hi be a subgraph of Gi such 
that H, is isomorphic to H,. The graph obtained from G1 and G2 by first 
choosing an isomorphism J H1 + H2 and then identifying each x in H, 
with f(x) in H, will be said to arise from G1 and G2 by subgraph iden- 
tification. Recently, an attempt to find a common generalization of 
Collaries 1,2, 3 led Hsu [lo] to the following theorem. 
COROLLARY 4. Let G arise from perfect graphs G1, G2 by subgraph iden- 
tification; let H stand for the subgraph of G arising by identtjkation of H, 
and H2. Assume that, for every induced subgraph F of G with Fn H # 0, 
there is a vertex u in Fn H such that eoery path in Ffrom Fn (G, - H) to 
Fn (G2 - H) contains u or a neighbour of u. Then G is perfect. 
To generalize the key argument on this section, consider any operation 
that transforms graphs G1 and G2 into a graph G with the following 
property: 
if an induced subgraph F of G is an induced subgraph of neither 
G1 nor G2, then F is not minimal imperfect. (5) 
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Trivially, every such operation transforms perfect graphs G1 and G2 into a 
perfect graph G. 
Among all the perfection-preserving operations known today, one stands 
apart in the sense that it transforms graphs Gi and G2 into a graph G not 
necessarily satisfying (5): this is the “2-amalgam” designed recently by 
Gerard Cornuejols and Bill Cunningham [S]. To define this operation, let 
Gi, G2 be disjoint graphs and let uf U: be an edge in Gi. Writing N(u) for 
the neighbourhood of a vertex V, and Ci = N(vf ) n N(u: ), assume that Ci is 
a clique in Gi, that each vertex in Ci is adjacent to all the remaining ver- 
tices in N( of ) u N(of ) and that 1 C1 1 = 1 C2 1. A 2-amalgam of G1 and G2 is 
any graph obtained from G, - {vi, U: } and G2 - {u:, vf } by first choos- 
ing a bijection f: Ci + Cz, then identifying each x in C1 with f(x) in C2, 
and finally joining each vertex in N(v{ ) - C1 to each vertex in N(vi ) - C, 
by an edge for both j = 1 and j = 2. In particular, if Gi is a cycle with ni ver- 
tices and ni> 4 then any 2-amalgam G of G1 and G2 is a cycle with 
n, + n2 - 4 vertices: if n, is odd and n2 is even then (5) is violated. 
3. MORE COROLLARIES: SPECIAL CASES 
Restricting star-cutsets to those consisting of some vertex along with all 
of its neighbours, we reduce the Star-Cutset Lemma to the following result 
of Tucker [16]. 
COROLLARY 5. No minimal imperfect graph G has a vertex w such that 
the set of all the vertices distinct from w and not adjacent to w induces a dis- 
connected subgraph of G. 
Berge conjectured and Lovasz [ 111 proved that a graph is perfect if and 
only if its complement is perfect; this important result is known as the Per- 
fect Graph Theorem. By virtue of this theorem, the complement of every 
minimal imperfect graph is minimal imperfect; in particular, Corollary 5 is 
equivalent to the following result of Olaru [ 131. 
COROLLARY 6. No minimal imperfect graph G has a vertex w such that 
the set of all the vertices adjacent to w induces a disconnected subgraph of 
the complement of G. 
To clarify the relationship between the Star-Cutset Lemma and its 
Corollary 5, let us say that a vertex w dominates a vertex u if each 
neighbour of v is either a neighbour of w  or w  itself. 
THEOREM 1. A graph G has 
of the following two properties: 
a star-cutset tf and only tf it has at least one 
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(i) G has a vertex w such that the set of all the vertices distinct from 
w and not adjacent to w induces a disconnected subgraph of G, 
(ii) G has at least two nonadjacent vertices, and it has adjacent vertices 
v, w such that w dominates v. 
Proof. To establish the “if’ part, consider an arbitrary graph G with at 
least one of properties (i) and (ii). If G has property (i) then w  along with 
all of its neighbours constitutes a star-cutset in G; if G has property (ii) 
then we distinguish between two cases. In case w  is nonadjacent to at least 
one vertex other than itself, w  along with all of its neighbours except v con- 
stitutes a star-cutset in G; in case w  is adjacent to all the vertices in G 
except itself, G has a star-cutset consisting of all the vertices in G except a 
nonadjacent pair. 
To establish the “only if’ part, consider an arbitrary graph G with a star- 
cutset C. Since G - C is disconnected, the set of its vertices splits into non- 
empty disjoint parts V,, V2 such that no vertex in V1 is adjacent to a ver- 
tex in Vz; since C is a star-cutset, some vertex w  in C is adjacent to all the 
remaining vertices in C. If w  is nonadjacent to at least one vertex in each Vj 
then (i) holds; else w  is adjacent to all the vertices in at least one Vi, in 
which case each vertex in this Vi is dominated by w, and so (ii) holds. 1 
To derive the Star-Cutset Lemma from Theorem 1, we only need show 
that no minimal imperfect graph G had property (i), and that no minimal 
imperfect graph G has property (ii). The first of these claims is nothing but 
Corollary 5; the second claim is justified by the Perfect Graph Theorem 
along with the observation that no minimal imperfect graph has non- 
adjacent vertices v, w  such that v dominates w. 
Note also that each of the properties (i) and (ii) is easy to detect, and so 
Theorem 1 provides a straightforward polynomial-time algorithm for 
finding star-cutsets. 
4. APPLICATIONS: THE STAR-CLOSURE 
Given any class % of graphs, we shall define a class W* recursively by the 
following two rules: 
(i) if GE%? then GE%*, 
(ii) if G or G has a star-cutset, and if G-v E %* for all vertices v of 
G, then GE%*. 
This definition is motivated by the following fact. 
COROLLARY 7. If %Z is a class of perfect graphs then so is %F. 
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ProoJ: We propose to prove by induction on the number of vertices in 
G that every G in %‘* is perfect. If G has been included in %Z* by rule (i) 
then there is nothing to prove; if G has been included in %* by rule (ii) 
then the induction hypothesis guarantees that all proper induced subgraphs 
of G are perfect, and so we only need show that G is not minimal imperfect. 
For this purpose, we use the fact that G or G has a star-cutset: the desired 
conclusion is guaranteed by the Star-Cutset Lemma in the former case, and 
by the Star-Cutset Lemma along with the Perfect Graph Theorem in the 
latter case. i 
An operation will be called frail if it transforms graphs G1 and G2 into a 
graph G with the following property: 
if an induced subgraph I; of G is an induced subgraph of neither 
G1 nor GZ, then F or F has a star-cutset or else I; has at most 
two vertices. (6) 
Note that (4) implies (6), and so frail operations include clique iden- 
tification, substitution, amalgam, and Hsu’s subgraph identification. 
We shall denote the class of all graphs with at most two vertices by 
TRIV. 
THEOREM 2. Let W be any class of graphs such that TRIV c %’ and such 
that %? is closed under taking induced subgraphs. Then %?* is closed under 
taking induced subgraphs and under all frail operations. 
Proof: The first conclusion is straightforward. To establish the second, 
consider arbitrary graphs G1, GZ, G such that G1, G2 E %* and such that 
(6) holds; we only need prove that GE %*. Actually, we shall prove that 
8’~ %* whenever I: is an induced subgraph of G; this will be done by an 
easy induction on the number of vertices of F. If F is an induced subgraph 
of G1 or Gz then FFE %* as Q?* is closed under taking induced subgraphs; if 
I; or F has a star-cutset then FE%* by rule (ii), since the induction 
hypothesis guarantees F- u E q* for all vertices u of E if F has at most two 
vertices then FE %?* by rule (i), since TRIV E %‘. I 
Ryan Hayward [9] proved that TRIV* is the class of weakly 
traingulated graphs defined as graphs G such that neither G not G contains 
a chordless cycle with at least five vertices. We shall now comment on the 
class BIP* with BIP standing for the class of all bipartite graphs. 
First, a Meyniel graph is any graph G in which every cycle whose num- 
ber of vertices is odd and at least five has at least two chords; these graphs 
have been proved perfect by Henry Meyniel [ 121. 
THEOREM 3. All Meyniel graphs are in BIP*. 
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Proof. Burlet and Fonlupt [S] proved that a graph is Meyniel if and 
only if it can be obtained from certain “basic Meyniel graphs” by repeated 
applications of amalgam; basic Meyniel graphs are those graphs G whose 
set of vertices can be split into disjoint parts B, K, S such that 
(a) each vertex in K is adjacent to all the remaining vertices in G, 
(b) each vertex in S has at most one neighbour in B and none in S, 
(c) if B is nonempty then it induces a 2-connected bipartite subgraph 
of G. 
As we are about to point out, Theorem 3 is an easy corollary of the Burlet- 
Fonlupt theorem. 
By a primitive Meyniel graph, we shall mean any graph G whose set of 
vertices can be split into disjoint parts B, K, S with properties (a), (b), and 
(c*) B induces a bipartite subgraph of G. 
Clearly, if a primitive Meyniel graph G is neither complete nor bipartite 
then G has property (ii) of Theorem 1, and so G has a star-cutset; now a 
trivial induction on the number of vertices shows that all primitive Meyniel 
graphs belong to BIP *. In particular, all basic Meyniel graphs belong to 
BIP*; since BIP* is closed under amalgam by Theorem 2, the rest follows 
from the Burlet-Fonlupt theorem. i 
Second, perfectly orderable graphs have been characterized in [6] as 
graphs whose set of vertices admits a linear order < such that no chordless 
path with vertices a, b, c, d and edges ab, bc, cd has a < b and d < c. 
THEOREM 4. All perfectly orderable graphs are in BIP*. 
Proof. We shall prove a stronger statement: if G is perfectly orderable 
then G is bipartite or else its complement has a star-cutset. 
For this purpose, consider an arbitrary perfectly orderable graph G with 
the appropriate linear order < . Write x + y if, and only if, x and y are 
adjacent vertices with xc y; call a vertex y a source if there is no x with 
x + y; call y a sink if there is no z with y + z; call y mixed if it is neither a 
source nor a sink. 
If there are no mixed vertices then G is bipartite; else the following 
procedure will find a star-cutset in G. 
Step 1. Let b be the mixed vertex that comes last in the linear order; let 
A be the set of all the vertices a with a + b and let C be the set of all the 
vertices c with b -+ c. If each vertex in A and each vertex in C are adjacent 
then stop: G has property (i) of Theorem 1 with b in place of w. 
Step 2. Now some vertex a in A and some vertex C in C are non- 
adjacent. Let D be the set of all the vertices adjacent to C but not to a. If 
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D = 0 then stop: G has property (ii) of Theorem 1 with c in place of w  and 
a in place of u. 
Step 3. Now D # 0. Stop: we claim that G has property (i) of 
Theorem 1 with c in place of w. 
To justify this claim, assume the contrary: now the subgraph of G 
induced by all the vertices adjacent to c in G is connected, and so it con- 
tains a path u1 u2.. . uk with u1 = b, uk E D. Choosing k as small as possible, 
we may assume that the path is chordless and that Ui 4 D whenever i < k. 
Thus, setting uk + I = a and uk+ 2 = c, we obtain a chordless path 
u1 u2 . ..uk uk + 1 uk + 2 in G. since b + c and b iS the last mixed Vertex, c is a 
sink. Hence 
Uj + C whenever 1 <j 6 k. (7) 
In particular, uk + uk + 2; now it follows that 
Ul +u3 (8) 
(else ui+l + ui+3 and ui+2 -+ ui for some i, contradicting the assumption 
placed on < ). Since b $ D, we have k b 2; furthermore, k = 2 is impossible, 
for then (8) would contradict a + b. Thus k 2 3; but then (8) and (7) yield 
b -+ u3 + c, contradicting our choice of b. 1 
Meyniel graphs and perfectly orderable graphs are examples of strongly 
perfect graphs, defined by Claude Berge and Pierre Duchet [2] as graphs G 
with the property that, in each induced subgraph of G, some stable set 
meets all the maximal cliques (with “maximal” meant, as usual, with 
respect to set-inclusion, not size): strong perfection of Meyniel graphs has 
been established by Ravindra [ 141, and strong perfection of perfectly 
orderable graphs by Chvatal [6]. Thus, Theorems 3 and 4 might mislead 
one into believing that all strongly perfect graphs are in BIP*. However, a 
counterexample is shown in Fig. 1. 
A variation on perfectly orderable graphs consists of opposition graphs, 
defined as graphs whose set of vertices admits a linear order < such that 
no chordless path with vertices a, b, c, d and edges ab, bc, cd has a < b and 
c < d. Quite recently, Stephan Olariu proved that all opposition graphs are 
in BIP*: more precisely, if G is an opposition graph then G is bipartite or 
else its complement has a star-cutset. 
FIGURE 1 
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Yet another class of graphs that all belong to BIP* consists of alter- 
nation graphs, introduced recently by Chinh Hoang: these are graphs 
whose edges can be directed in such a way that the directions alternate on 
every chordless cycle of lenght at least four. Hoang observed that all of 
these graphs belong to BIP*: more precisely, if G is an alternation graph 
then G is a comparability graph or else it has a star-cutset. 
Is there a polynomial-time algorithm for testing membership in BIP*? 
More generally, if there is a polynomial-time algorithm for testing mem- 
bership in %, is there a polynomial-time algorithm for testing membership 
in %*? If %Z and %‘* are both closed under taking induced subgraphs then 
the following algorithm will test any G for membership in %Z*. 
Step 0. Put G on a waiting list. 
Step 1. If the waiting list is empty then announce “GE W*” and stop; 
else remove an arbitrary graph H from the waiting list. 
Step 2. If HE %’ then return to Step 1. 
Step 3. If H has a star-cutset then there are a vertex v of H and a par- 
tition of the set of vertices of H - Y into pairwise disjoint sets VO, Y1, V2 
such that Vi, V2 are nonempty, all vertices in V0 are adjacent to v, and 
xi, x2 are nonadjacent whenever x1 E V1, x2 E V2. In this case, put H - u, 
H - V1, and H - V2 on the waiting list and return to Step 1. 
Step 4. If R has a star-cutset then there are a vertex ZJ of H and a par- 
tition of the set of vertices of H-v into pairwise disjoint sets VO, V1, V2 
such that Vi, V2 are nonempty, no vertex in V0 is adjacent to o, and x1, x2 
are adjacent whenever x1 E Vi, x2 E V2. In this case, put H - ZJ, H - V, and 
H- V2 on the waiting list and return to Step 1. 
Step 5. Announce “G $ %*” and stop. 
Urrfortunately, the number of graphs H passing through the waiting list 
may grow exponentially with the number of vertices of G. For instance, 
consider the graph G obtained by substituting the complete graph with two 
vertices for each vertex of a chordless cycle whose length n is even and at 
least six. Trivially, each chordless cycle F in G of length n is a maximal 
induced bipartite subgraph of G, and neither F nor F has a star-cutset. 
Hence when ‘4%’ = BIP, each of these 2” cycles must be eventually put on the 
waiting list. 
5. THE SKEW PARTITION CONJECTURE 
By a skew partition in a graph G, we shall mean a partition of the set of 
vertices of G into two nonempty disjoint parts such that the first part 
induces a disconnected subgraph in G and the second part induces a dis- 
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FIGURE 2 
connected subgraph in the complement of G. Note that, for graphs with at 
least live vertices and at least one edge, having a star-cutset implies having 
a skew partition. Hence the following conjecture generalizes the Star-Cutset 
Lemma. 
THE I SKEW PARTITION CONJECTURE. No minimal imperfect graph has a 
skew partition. 
Our proof of the Star-Cutset Lemma relied only on properties (1) and 
(2) of minimal imperfect graphs. Any proof of the Skew Partition Conjec- 
ture would have to go deeper than that: the graph in Fig. 2 satisfies (1) and 
(2), and yet it has a skew partition. 
(Incidentally, this graph is an example of what has been termed a “par- 
titionable graph” in [4], and an “(a, &graph” in [7]. Since all such 
graphs satisfy (1) and (2), none of them has a star-cutset.) 
Obviously, no chordless cycle of length at least live has a skew partition 
and neither does its complement. When these graphs have an odd number 
of vertices they are minimal imperfect. The Strong Perfect Graph Conjec- 
ture of Claude Berge asserts that there are no other minimal imperfect 
graphs; trivially, its validity would imply that of the Skew Partition Con- 
jecture. 
REFERENCES 
1. C. BERGE, “Graphs and Hypergraphs,” North-Holland, Amsterdam, 1973. 
2. C. BERGE AND P. DUCHET, Strongly perfect graphs, in ,,Topics on Perfect Graphs” (C. 
Berge and V. ChvStal, Eds.); Ann. Discrete Math. 21 (1984), 57-61. 
3. R. E. BIXBY, A composition for perfect graphs, in “Topics on Perfect Graphs” (C. Berge 
and V. ChvStal, Eds.); Ann. Discrete Math. 21 (1984), 221-224. 
4. R. G. BLAND, H.-C. HUANG, AND L. E. TROTTER, JR., 
minimal imperfection, Discrete Math. 27 ( 1979), 1 l-22. 
Graphical properties related to 
STAR-CUTSETS AND PERFECT GRAPHS 199 
5. M. BIJRLET AND J. FONLUPT, Polynomial algorithm to recognize a Meyniel graph, in 
“Topics on Perfect Graphs” (C. Berge and V. Chvital, Eds.); Ann. Discrete Math. 
21 (1984), 225-252. 
6. V. CHVATAL, Perfectly ordered graphs, in “Topics on Perfect Graphs” (C. Berge and V. 
Chvatal, Eds.); Ann. Discrete Math. 21 (1984), 63-65. 
7. V. CHVATAL, R. L. GRAHAM, A. F. PEROLD, AND S. H. WHITESIDES, Combinatorial 
designs related to the Strong Perfect Graph Conjecture, Discrete Math. 26 (1979), 83-92. 
8. G. CORN~IOLS AND W. H. CUNNINGHAM, Compositions for perfect graphs, Discrete 
Math. 55 (1985), 245-254. 
9. R. B. HAYWARD, Weakly triangulated graphs, Montreux; Technical Report 83.22, School 
of Computer Science, McGill University, J. Combin. Theory Ser. B, in press. 
10. W.-L. Hsu, Decompositions of perfect graphs, a manuscript. 
11. L. LOVASZ, Normal hypergraphs and the perfect graph conjecture, Discrete 
Math. 2 (1972), 253-267. 
12. H. MEYNIEL, On the perfect graph conjecture, Discrete Math. 16 (1976), 339-342. 
13. E. OLARU, Uber die Uberdeckung von Graphen mit Cliquen, Kss. Tech. Hochsch. 
Ilmenuu 15 (1969), 115-120. See also E. OLARU AND H. SACHS, Contributions to a charac- 
terization of the structure of perfect graphs, in “Topics on Perfect Graphs” (C. Berge and 
V. Chvbtal, Eds.), Ann. Discrete Math. 21 (1984), 121-144. 
14. G. RAVINDRA, Meyniel graphs are strongly perfect, J. Combin. Theory Ser. B 33 (1982) 
187-190. 
15. P. D. SEYMOUR, Decomposition of regular matroids, J. Combin. Theory Ser. B 28 (1980), 
305-359. 
16. A. TUCKER, Critical perfect graphs and perfect 3-chromatic graphs, J. Combin. Theory 
Ser. B 23 (1977), 143-149. 
